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Abstract 

Tracial Rokhlin property was introduced by Phillips in [2] to prove 
various structure theorems for crossed product. But it is defined for ac- 
tions on simple C*-algebras only. This paper consists of two major parts: 
In section 2 and 3, we study the permanence properties and give a com- 
plete classification of tracial Rokhlin property for product-type actions; 
In section 4 and 5, we introduce the weak tracial Rokhlin property for 
actions on non-simple C*-algebras. We prove that when the action has 
the weak tracial Rokhlin property and the crossed product is simple, the 
properties on A of having tracial rank < k, or real rank 0, or stable rank 
1, can be inherited by the crossed product. 

1 Introduction 

The Rokhlin property for finite group actions on C*-algebras has been exten- 
sively studied since Izumi's paper J5 a . It is defined as follows: 

Definition 1.1. Let A be an infinite dimensional unital C*-algebra, let a: G — > 
Aut(^4) be an action of a finite group G on A. We say that a has the Rokhlin 
property if for every finite set F a A, every e > 0, there are mutually orthogonal 
projections e g G A for g £ G with ^2 geG e 9 = ^> sucn that: 

(1) \\a g (e h ) - e gh \\ < e for all g, h e G. 

(2) \\e g a — ae g \\ < e for all g G G and all a E F. 

A number of authors have shown that the crossed products by actions with 
the Rokhlin property preserve many important classes of C*-algebra, such as 
AF algebras, AI algebras, AT algebras, simple AH algebras with slow dimension 
growth and real rank 0, 2?-absorbing C*-algebras for a strongly self-absorbing 
C*-algebra V and so on. 

But the Rokhlin property is very rare. In the paper [4], Phillips pointed out 
many obstructions for the Rokhlin property and introduced the tracial Rokhlin 
property: 
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Definition 1.2. Let A be an infinite dimensional simple unital C*-algebra, let 
a : G — > Aut(A) be an action of a finite group G on A. We say that a has the 
tracial Rokhlin property if for every finite set F C A, every e > 0, and every 
positive element x G A with = 1, there are mutually orthogonal projections 
e g e A for g g G such that: 

(1) \\a g (e h ) - egh.ll < e for all g, h e G. 

(2) ||e g a — ae g \\ < e for all g £ G and all a E F. 

(3) Let e = X) ff ec e 9' we nave 1 ~ e 2j« x - 

(4) ||exe|| > 1 - e. 

The comparison used in condition (3) is Blackadar's comparison, whose def- 
inition is given by: 

Definition 1.3. Let a, b be two positive elements in a C*-algebra A. We say 
a ^ s b if there exist some element x <E A, such that a = xx* and Her(x*x) = 
Her(6). We say a ^ s b if there exist a' € Her(6) such that a ^ s a'. 

It should be pointed out here that Blackadar's comparison is a generalization 
of Murray- Von Neumann comparison for projections. The notation is adopted 
from [T2]. 

In Definition 11.21 we will call (3) the comparison condition and (4) the norm 
condition. The projections e g for g £ G will be called Rokhlin projections 
corresponds to F, x, and e, or Rokhlin projections for short. 



2 Rokhlin properties for induced actions 

Induced actions are important ways to generate interesting examples of actions. 
We'll study the Rokhlin properties for induced actions in this section. To emph- 
size the distinction between Rokhlin property and tracial Rokhlin property, we 
will call Rokhlin property the strict Rokhlin property. There are many ways to 
induce a new action from the old ones, In most cases, strict Rokhlin property 
can be inherited. 

Proposition 2.1. Let a: G — > Aut(^l) be an action with the strict Rokhlin 
property, and let p be an invariant projection. Then the induced action a| p7 ip 
has the strict Rokhlin property. 

Proof. We follow essentially the same lines of Lemma 3.7 of [4|. Let F c pAp 
be finite, let e > 0. Set n = Card(G). Using semiprojectivity of C", Set 

. ,1 e 

e = min{-.- — ) 

n An + 1 

choose S > such that whenever B is a unital C*-algebra, gi, • • ■ , q n are mu- 
tually orthogonal projections, and p G B is a non-zero projection such that 
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\\P1j — 1jP\\ < ^ f° r 1 ^ i ^ n i then there are mutually orthogonal projections 
ej G p_Bp such that ||ej — pgjPl < Co for 1 < j < We also require 5 < eo- 
Since a has strict Rokhlin property, with F U {p} in place of F, with <5 in place 
of e, we can obtain projections q g £ A for g G G. By the choice of 5, there are 
mutually orthogonal projections e g G pAp such that ||e g — pq g p\\ < £o for g e G. 
We now estimate, using a g (p) = p, 

||a 9 (eh)-e g / l || < \\e h -pq h p\\ + \\e gh -pq gh p\\ + \\p(a g (q h ) -q gh )p\\ < 2e Q + S < e. 

And for a G F, using pa = ap = a, 

|je g a - ae g \\ < 2||e g - pg g p|| + ||p(g s a - ag ff )p|| < 2s Q + S < e 

Next, set e = J2 g eG e 9> then ||e — p\\ < ||e g — pg g p|| < ?i£o < 1- But e is also a 
subprojcction of p, this force e = p, the identity of pAp. □ 

Proposition 2.2. Let a: G —> Aut(^4) be an inductive limit action, i.e. there 
exists an increasing sequence (^4 n )i< n <oo such that A = U ra gz >0 A„ and each 
A n is invariant under the action. Let a n denote the induced action on A n . If 
each a n has the strict Rokhlin property, then a has the strict Rokhlin property. 

Proof. Let F be a finite subset of A, and e > 0. We can then find some A n 
and a finite subset F of A, such that for any a E F, there is some b in F with 
\\a — b\\ < e/3. Since a n has strict Rokhlin property, with F and e/3, we can 
obtain projections {e g } ee Q as in Definition ll.il For any a G F, find 6 in F such 
that || a — 6|| < e/3, then 

\\ae g - e g a\\ < \\(a — b)e g \\ + ||6e g - e g 6|| + ||e g (a — 6)|| < e/3 + e/3 + e/3 = e. 

□ 

Throughout this paper, A®B will always denote the minimal tensor product 
of A and B. 

Proposition 2.3. Let a: G —> Aut(A) be an action with the strict Rokhlin 
property and j3: G — > Aut(-B) be an arbitrary action. Then the tensor product 
7 = a ® j3 : G —> Aut(A <S> B) has the strict Rokhlin porperty. 

Proof. Let Fcibe finite and e > 0, without loss of generality we may assume 
that the elements of F are all elementary tensors, i.e. F = {at (Si h}. Let 
F = {a.i} C A and let M = maa;{ 1 1 6^ || }. From the dcfinition ll.il we can obtain 
Rokhlin projections {e g } g6 c C A corresponds to F and e/(M + 1). Consider 
projections p g — e g ®l E A® B, they are mutually orthogonal projections sum 
up to 1, and satisfy: 

(1) \\a g {p h ) -Pgh\\ = \\(a g (e h ) - e gh ) ® 1|| < e. 

(2) \\pg(ai ® h) - (o< ® h)p g \\ = \\(e g 0i - aie g ) ® h\\ < e/(M + l)M < e. 

□ 
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Now let's turn to tracial Rokhlin property. A C*-algebra is said to have 
Property (SP) if every non-zero hereditary C*-subalgebra contains at least one 
non-zero projection. The following observation is easy to see: 

Lemma 2.4. (Lemma 1.13, [I]) Let A be an infinite dimensional simple sepa- 
rable unital C*-algebra, let a: G — > Aut(A) be an action of a finite group G on 
A which has the tracial Rokhlin property. Then A has Property (SP) or a has 
the strict Rokhlin property. 

Not surprisingly we will mostly deal with C*-algebras with Property (SP) 
when studying tracial Rokhlin property. So we present some facts about Prop- 
erty (SP) here. 

Definition 2.5. Let < 02 < <J\ < 1 be two positive numbers. The function 
is a piecewise linear function defined by: 

{0 if X < cr 2 

1 if x > o"i 

Lemma 2.6. Let A be a C*-algebra with Property (SP), let x € A be a positive 
element with norm 1, and let e > 0. Then there exists a non-zero projection 
p G xAx such that for any positive element q < p with||g|| = 1, we have: 

Wqx 1 / 2 - q\\ < e, Wx^q-qW^S. 

Proof. (See Lemma 1.14 of 4 .) Since Her(x) = Her(x 1 / 2 ), it suffices to prove 
the inequalities with x in place of x 1 / 2 . Without loss of generality Assume that 
e < 1/2. Let f = fo ,g = fl_ e . Then we have: 

f9 = 9, \\f{x) - x\\ < e, g(x)Ag(x) C ~x~M = f(x)Af(x). 

Now fg = g implies that for any c € g(x)Ag{x), cf(x) — f(x)c — c. Since A 
has Property (SP), we can choose a nonzero projection p £ g{x)Ag(x) C xAx. 
Then for any positive element q < p, \\qx — q\\ = \\qx — qf(x)\\ < e and similarly 
||a:«-g||<e. ...... ^ 

A C*-algebra is elementary if it's a finite dimensional C*-algebra or the 
C*-algebra of compact operators. 

Lemma 2.7. Let A be a non-elementary simple C*-algebra with Property (SP). 
Then for any non-zero projection p in A and any n € Z>o, there exists n 
mutually orthogonal sub-projections pi of p which are mutually Murray-von 
Neumann equivalent. 

Proof. Lemma 3.5.7, pl42 of Qj] □ 

Lemma 2.8. If there exists an increasing sequence {A n } such that 

A = Unez >0 A n and each A n has Property (SP), then A itself has Property (SP). 
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Proof. (Private communication with C. Philips) Let x £ A be a positive element 
of norm 1. We need to find a non-zero projection in xAx. Let e — 1/28. Then 
we can find some n £ N + and a positive element y £ A n such that \\y — x\\ < e. 
This implies y — e < x. Let z be the positive part of y — s. We have: 

z =/= 0, z(y — e)z = z , ||z — (y — < 2e and ||z — x|| < 4e. 

Let c = zx 1 / 2 , then 1 — 4e < ||c|| < 1. Since cc* = zsz > z(y — e)z > z 3 , we 
have: 

cPM^c* D z 3 Az 3 D zAz D zA m z. 

Let / = fl~ e and g = / 1 1 _ £ . (See Definition COB) Since A„ has Property (SP) 
by assumption, we can find non-zero projection p £ g(z)A n g(z) C cc*Acc*. 
Now f(z)g(z) — g(z) implies that pf(z) — pg(z)f(z) — p. Use the relation 
\\z — x\\ < 4e and \\pz — p\\ = \\pz — pf(z)\\ < e repeatedly, we can show that 
\\pcc* — p\\ = \\pzxz — p\\ < 7e. Take the adjoint we get ||cc*p — p\\ < 7s. Then 
c*pc is approximately a projection: \\c*pcc*pc — c*pc\\ < 7e < 1/4. Since c*pc = 
x x l 2 zpzx x l 2 £ xAx, there exist a projection q £ xAx such that \\q— c*pc\\ < 1/4. 
The projection q is non-zero, otherwise 

\\c*pc\\ = \\pcc*p\\ > \\p\\ - || (pec* -p)p\\ = 3/4 > 1/4 > \\c*pc\\. 

Which is a contradiction. □ 

The following lemma is very useful in dealing with tensor products: 

Lemma 2.9. (Kirchberg's Slice Lemma). Let A and B be C*-algebras, and 
let D be a non-zero hereditary sub-C*-algebra of the minimal tensor product 
A <S> B. Then there exists a non-zero element z in A ® B such that z*z is an 
elementary tensor a®b, for some a £ A + and b £ B + , and zz* belongs to D. 

See lemma 4.1.9, p68 of book ]6| for a proof. Note that the definition of a, 
b in the proof shows that they are all positive. As a consequence, we can show 
the following: 

Lemma 2.10. Let A,B be two C*-algebras with Property (SP), then A® B 
has Property (SP). 

Proof. Let D be a non-zero hereditary sub-C*-algebra of A ® B. By Lemma 
12. 91 we can find a non-zero element z in A ® B such that z* z is an elementary 
tensor a ® b for some a £ A + and b £ B + , and zz* £ D. Since both A and B 
have Property (SP), there exist non-zero projections p, q in Her(a) and Her(&), 
respectively. Thenp<giq is a non-zero projection in Her(a<g)&) = Her(z*z). But 
Her(z*z) is isomorphic to Her(zz*) C D (See p 218 of [7]), therefore D contains 
a non-zero projection. □ 

Before we systematically study the inheritance of tracial Rokhlin property, 
let's first present some basic properties of Blackdar's comparison first. (See 
Definition [T73] We have the following equivalent definition: 
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Lemma 2.11. Let a, b be two positive elements in a C*-algebra A. Let A" 
be the enveloping von-Neumann algebra of A. Then a ^ s b if and only if there 
exist some partial isometry v G A" such that, uHer(a), Her(a)v are subsets of A, 
vv* = p a , where p a is the range projection of a in A" , and v*Her(a)v C Her(6). 
a ~ s b if and only if w*Her(a)w = Her(6). 

See Proposition 4.3 and Proposition 4.6 of [H] for a proof. 

Notation 2.12. By a\ © a 2 © • • • © a n we mean diag{ai, a2, a„} and n a 
means a © a © • • • © a. We write ai © a 2 © • • • © a„ < 6i © b 2 © • • • © b m if and 
only if diag{ai,a 2 , ...,a„,0, ..0}] ^ s diag{&i,6 2 , ...,& m ,0, ...,0} in M m+n (A). 

Proposition 2.13. (Proposition 3.5.3, p 141, 11 ) Let A be a C*-algebra. 

(i) If < a < b, then a £ s b. 

(ii) If p and q are two projections in A, then p ^ s q if and only if p is sub- 
equivalent to q in the sense of Murray and Von Neumann, and p ^ s q if 
and only if p and g are Murray- von Neumann equivalent. 

(iii) Let B be a hereditary subalgebra of A and a, b € A. Then a ^ s b in A if 
and only if a ^ s b in B, and a ~ s b in A if and only if a ~ s 6 in 

(iv) Let oi, ...,a n be positive elements in A. Then (X)"=i a «) « s ©™=i a i- If 
did, = 0,Vi ^ j, then a *) ~s ©™=i a » 

Now we are ready to prove analogue results for tracial Rokhlin property: 

Proposition 2.14. Let a: G — > Aut(A) be an action with the tracial Rokhlin 
property, and let p be an invariant projection. Then the induced action a| p7 ip 
has the tracial Rokhlin property. 

Proof. Lemma 3.7 of [1] □ 

Proposition 2.15. Let a: G —> Aut(A) be an inductive limit action (See 
Proposition 12.21 for the definition.) Let a n denote the induced action on A n . 
If each a n has the tracial Rokhlin property, then a has the tracial Rokhlin 
property. 

Proof. If there are infinite many A n 's that do not have Property (SP), then 

a n has the strict Rokhlin property for infinite many n, so a also has the strict 

Rokhlin property. (A slight modification of Proposition ^. 2|) . 

Otherwise, A slight modification of Lemma l2.8l shows that A itself has Property 

(SP). Let F be a finite subset of A. Let x € A + with ||a;|| = 1, and e > be 

given. 

Since A has Property (SP), by Lemma 12.61 we can find a non-zero projection 
p such that Upa; 1 / 2 — p\\ < e and \\x 1 / 2 p — p\\ < e. We can then find some 
n € Z>o and a non-zero projection q € A n such that \\q — p\\ < e. Without 
loss of generality, we may also assume that F C A n . Since a n has the tracial 
Rokhlin property, let S — min{e/7, 1/2}, we can then find mutually orthogonal 
projections {e s } s gG C A„ such that: 
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(!) h g a~ae g \\ < S. 



(2) \\a g (e h ) - e gh \\ < S. 

(3) Let e = J2 g eG e s> tlien 1 ~ e ~« 9 

(4) ||ege|| > 1 - 5 

Since \\p — q\\ < S < 1/2, p and q arc Murray- von Neumann equivalent in 
A. But p £ x-Aa;, so 1 - e ^ s q ~ p ^ s i. For the norm condition, we have 
following estimation: 



Proposition 2.16. Let a: G — >• Aut(A) be an action of finite group G on a 
simple C*-algebra A with the tracial Rokhlin property. Let (3 : G — > Aut(S) be 
an arbitrary action on a simple C*-algebra B. Let 9 — a <g> f3: G — > Aut(A (g) B) 
be the tensor action of a and j3. If A <g) B has Property (SP), then 9 has the 
tracial Rokhlin property. 

Proof. First of all, we can assume that A has Property (SP). Otherwise the 
action a will have the strict Rokhlin property and therefore 9 has the strict 
Rokhlin property by Proposition 12.31 

Let F be a finite subset of A<3 B, e > 0, x £ A® B be & positive element of 
norm 1. Without loss of generality, we may assume that F consists of elemen- 
tary tensors otj ® 6j, 1 < % < n. 

Let £o = s/12. Since A ® B has Property (SP), by Lemma \2.Gl we can find 
a non-zero projection r € Her(x) such that for any projection s < r, we have 
Hsx 1 / 2 — s\\ < So, ||a; 1 / 2 s — s\\ < eq. By Kirchberg's Slice Lemma [2~9l there exist 
some z £ A(g) B, such that zz* £ Her(r), and z*z = a®b, for some a £ A+ and 
b £ B + . We may assume that ||a|| = ||6|| = ||z|| = 1. Find z — J2j=i Vj ® z j 
with norm 1 such that \\z — zq\\ < Eq. 

Since B is simple, we can find elements {U\l < i < m} such that J^. ij6Z*=l. 
Let M = max{||aj||, ||6i||, Hyjll, ||zj||} and let 5 = 2 (|g|)m • ^ or a e we ^ rs ^ 
use Lemma |2.6[ find a non-zero projection p G Her(a) such that for any pro- 
jection q < p, Hga 1 / 2 — g|| < (5, \\a}^ 2 q — q\\ < S. By Lemma [2~71 we can find m 
mutually orthogonal but equivalent subprojection {pi}i<i< m of p. 



\\exe\ 



> 



> 



\ex 1 ' 2 x 1 ' 2 e\\ = \\x^ 2 ex^ 2 \\ > \\px^ 2 ex^ 2 p\\ 
(j>x 1 l 2 p — p)(x 1 / 2 p — p) + pe(x 1 ^ 2 — p) + (px 1 ^ 2 — p)ep + pep\ 
\pep\\ — 3(5 
\qeq\\ — 3<5 — 3<5 
\eqe\\ - 66 > 1 - 7<5 > 1 - e. 



□ 
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Since a has the tracial Rokhlin property, for F' = {c^} U {%/k}, Pi € A + and 
5 > as chosen before, we can find projections {q g } g ec hi A such that: 

(1) \\q g d - dq g \\ < 6, Vrf e F' and g e G 

(2) \\a g {q h )-q gh \\<5. 

(3) With g = J2 g eG Qg> 1 ~ 1 Pi 

(4) ||«pi?|| >i-a 

Now consider the projections e 9 = g s ® 1. For the action 0, we have: 
(1') \\e g f - /e g || = \\(q g a,i - a i9g ) <g> b,\\ < MS < e, Va; <g> 6 4 e F and g <= G 
(2') \\6 g {e h ) - e gh \\ = \\(a g (q h ) - q gh ) ®\\\<5<e 
(3') Let e = J2 g eG e g =9® 1 > 

l-e=(l-g)®(5>&0 

m 

= 2(l®ii)((l-9)®&)(l®i? 

i=l 

^m0(l-g)®(!) ^ s to) (pi <g> 6) 



(4') Since pi < p, by our choice of p, we have Hpia 1 / 2 — pi|| < 6 and \\a}t 2 pi — 
Pill < S. Therefore 

\\qaq\\ = \\a^ 2 qa^ 2 \\ > bio 1 ' V /2 pi|| > \\piq P l\\-28 = \\qp iq \\-2S > 1-35. 
It follows that ||ezz*e|| = \\e(a <S> b)e\\ = \\(qaq) <E) b\\ > I - 35. Hence 

||ez*ze|| > ||eZoZ e|| - 2e 

> \\z*ez \\ - 2M\G\S - 2e 

> \\z*ez\\ -2M\G\5-4e 
= \\ezz*e\\ -2M|G|<5-4e 

Recall that our r € Her(a;) is chosen so that Vs < r, ||sa; 1//2 — s|| < 
e ,||a; 1//2 s — s\\ < e . Since zz* <E Her(r), we have \\zz*x 1 / 2 — zz*\\ — 
\\zz*(rx^ 2 -r)\\ < 5. Hence 

\\exe\\ > \\(zz* 

>||(zz*) 1 / 2 e (zz*) 1 / 2 ||-2e 

= \\ezz*e\\ - 2e > 1 - 2M|G|c5 - 6e > 1 - £■ 
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□ 



By Lemma T2.101 we have the following corollary: 

Corollary 2.17. Let a : G — > Aut(A) be an action of finite group G on a simple 
C*-algebra A, with the tracial Rokhlin property. Let j3: G — > Aut(i3) be an 
arbitrary action on simple C*-algebra B. Let 9 = a ® /3: G — > Aut(A (g> B) be 
the tensor product of a and (3. If B has Property (SP), then 9 has the tracial 
Rokhlin property. 



3 Rokhlin Properties for product-type actions 

In this section, we give a complete classification or Rokhlin properties for 
product-type actions. 

Definition 3.1. Let A — (X)^ 1 B(i/j), where Hi is a finite dimensional Hilbert 
space for each i. Let G be a finite group. An action a: G H> Aut(^4) is called a 
product-type action if and only if for each i, there exists a unitary representation 
TTi : G — > B(Hi), which induces an inner action en: g >— > Ad(Tti(g)), such that 

Definition 3.2. Let a: G H> Aut(^4) be a product-type action on a UHF- 
algebra A. A telescope of the action is a choice of an infinite sequence of positive 
integers 1 = n\ < ri2 < • • • and a re-expression of the action, so that A = 
<8>iZiB(Ki) where Ki = (g)"!^ 1 . - Hj, and the action on B(Ki) is (gi^l^ - ctj 

Recall that two actions a : G 1— > Aut(A) and f3: G (-> Aut(B) are said to be 
conjugate, if there exist an isomorphism T: A M- B such that T o a g — (3 g oT, 
for any jeG. The main result of this section is the the following theorem: 

Theorem 3.3. Let a : G 1— > Aut(A) be a product-type action where A is UHF. 
Let Hi,TTi,ai be defined as in Definition 13. II Let di be the dimension of Hi and 
Xi be the character of ni . We will use the same notations if we do a telescope 
to the action. Define \ '- G M> C to be the characteristic function on 1q- Then 
we have: 

(i) a has strict Rokhlin property if and only if there exists a telescope, such 
that for any n G Z>o, 

-rXn = x (1) 

(ii) a has the tracial Rokhlin property if and only if there exists a telescope, 
such that for any n G Z >0 , the infinite product 

n i*=* ( 2 ) 

n < i < 00 
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In [2J , Phillips gave a complete characterization of Rokhlin actions in terms 
of the unitaries, when G is Z/2Z. This theorem is a generalization of Proposi- 
tion 2.4 and Proposition 2.5 of [2J. We shall deal with finite cyclic group first, 
and then extend the result to arbitrary finite group. 

We first develop some terminology for cyclic groups as well as product-type 
actions. 

Lemma 3.4. Let G be any finite cyclic group, then there exist a commutative 
bihomomorphism £: G x G — > S 1 , where S 1 is the unit circle of the complex 
plane. By a commutative bihomomorphism we mean that for any g, h £ G, 
£(•, #) and •) are homomorphisms and C{g,h) = C(h,g)- 

Proof. Let G be a cyclic group of order n, which is generated by a primitive 
n-th root of unity f. Define C : G x G -> S 1 by C(€,C j ) = C j - Computation 
shows that £ is a commutative bihomomorphism. □ 

Remark 3.5. From now on we will assume that a commutative bihomomor- 
phism £ is given whenever we have a finite cyclic group G. It's easy to see that 
the map g — > •) defines an isomorphism between G and the dual group G. 
We use ( 9 (h) to denote ((g, h) as an indication of this duality. It's not difficult 
to see that J2 g ec C 9 (^) = ^(h, 1g)|G|, where S(-, •) is the Kronecker delta. This 
equality will be used in later computations. 

Product-type actions are special cases of inductive limit actions. By Theo- 
rem 4.5 of pp, we have 

C*(G,A,a) = limC*(G,A„,a) 

The action on each A n is inner, by Example 4.10 of [I], C*(G,A n ,a) = 
C*{G) (g) A n . If G is abelian, then C*(G) = C(G). In particular, we have the 
following: 

Proposition 3.6. Let G be a finite abelian group. Then C*(G, A n , a) is isomor- 
phic to a direct sum of \G\ copies of A n . We may write C* (G, A n , a) = (B g eG^-n> 
where A 9 n = A n for all g e G. 

Now let's find an explicit formula for the isomorphism in the above propo- 
sition as well as the corresponding direct system. 

For any g £ G, Let V 9 £ U(A n ) denote the finite tensor <8>™ =1 7Ti(g). Define 
x n = (C h (g)Vn)heG € ® g eGA 9 n . Embed A n into ® geG ^ by the map a ^ 
(a h )heG, where a h = a for all h £ G. We can check that {X 9 } g£ c are unitary 
elements and A n U {X 9 } 9& g satisfy the relation: 

X°X* = X° h , XfrX 9 * = a g (a), V 9l h£G,a£A. 

Let U% be the canonical unitaries of G*(G, A n , a). By Lemma 3.17 of [I], there 
is a *-homomorphism T: C*(G,A n ,a) i-> ® g gG^4^ which sends U g to X g and 
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maps A n to ® g eG^-n the same way we embeded A n in (BgeGA-^. Now that this 
homomorphism is an isomorphism is equivalent to that the matrix {C, h {g))h,geG 
is invertible. But {C, h {g))h, g eG is actually unitary(after normalization): For any 
two elements ho, h e G, 

E ( k °(9)CH9) = E^°(9K rl (ff)-I]^ rl (9) 

S GG gGG gGG 

= 5(h h-\l)\G\=5(h ,h)\G\ 

For each n, we can define an isomorphism as above. This enables us to turn 
the direct system limC*(G, A n , a) into a direct system lim ® g eG AP n . Let faj 
be the connecting map of the latter system, we have the following proposition: 

Proposition 3.7. For any positive integers n < m and any g e G, let P~{ be 
an element of (8)™„B(77 i ) defined by: 

Plrn^\G\- 1 Y,C h (g) ®?=n *iW 
heG 

Then P% m are mutually orthogonal projections sum up to the 1 such that the 
connecting map (j) n -\,m is given by: 

(Vn-i)heG ^ (yt)hec, where y h m = E V 3 „-i ® f^C- 

seG 

We shall use P,s to denote P% n 

Proof. Without loss of generality we may assume m — n. Let P% — \G\~ 1 J2heG C h (9) n n{h>) ■ 
We can compute: 





\G\ 


^E^M/or 

heG 




\G\ 


heG 


pgo pg 

± n n 


\G\ 


2 E C h (9oK k (9W(h)w n (k) 

h.keG 




\G\ 


2 E (Hgog-^HgWihk) 

h.keG 




\G\ 


- 2 Y,C h (gog- l )\G\P^ 

heG 




\G\ 


- 1 S(g ,g)\G\P r a l =S(g ,g)P r 9 l 


E p « = 

gee 


\G\ 


1 E C h {gW{h) 

h,geG 




\G\ 


- 1 E' 5 (^ 1 G)|G|7r„(/i) = 7r n (l G ) = / 



heG 
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The above computation shows that {P^} s6 g ar e mutually orthogonal projec- 
tions sum up to 1. Define a *-homomorphism (j) n -i n '■ ®g^GA a n _ 1 — > ffijec^n 
by: 

{Vn-i)heG ^ {Vn)heG, where y\ = E ® P* 9 \ 

seG 

We shall verify that is the induced connecting map on lhnQgggA 9 . The 

connecting map on the crossed product is determined by a H> a<8> 1 and U^_ 1 H> 
C/ ? f . Adopt notation in proposition [321 let T: C*(G, A n , a) H> ® g A^ be the iso- 
morphism such that T(o) = (a, . . . , a) and T(L/ 9 _ 1 ) = X g n _ x = (C h (ff)T^f_i)fceG. 
For any Z € G, let „ be the composition of 4>n-i,n and the natural projec- 
tion tt 1 : @ geG A 9 n A l n . We have: 

<?eG 

= a® E P^ 9 " 1 = a «) 1 
seG 

fiGG 

= E f" ® E c fc (^^)^(fc) 

heG fceG 

h,keG 

= IGI^E^^IGIC'W^^^W 

keG 

Hence <Pn-i,n(^i n -i) = Xf n , and the proof is complete. □ 

Remark 3.8. We can get our unitaries back from the projections constructed 
in the above proof as follows: 7T n (g) — J2ieG ( g l (O-^n- We could also observe 
that the projections P 9 are invariant projections, but some of them may be 0. 

Suppose the group G is finite cyclic, recall that g i— > ( 9 (») gives an isomor- 
phism between G and its dual. The dual action on the crossed product turns 
out to have a very simple description under this isomorphism: 

Proposition 3.9. We identify the crossed product C*(G, A, a) with the direct 
system hrn© ge G^4 9 i an d identify G with G using the bihomomorphism £. Then 
the dual action a, when restrict to ©g^A 9 , is given by: 

a g ((y h ) heG ) = (z h ) heG , where z h = y h9 ,Vh e G. 
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Proof. The dual action a is defined by a$(f)(t) — 4>(t)f(t), for all G G and 
/ G C*(G, A, a). Fix a positive integer n,let {U 9 } be the canonical unitaries 
in G*(G, A n , a), then &h(U 3 ) = Q h {g)U 9 . Fix an element k £ G, define a map 
fi k : © A n -t @A n by /3((y 9 ) geG ) = (y 3k ) geG . Recall that the isomorphism 
T between C*(G,A n ,a) and ®A n sends ([/£) to (( 9 ' {h)V,' n l ) geG . Then we the 
following diagram is commutative: 

U% — (C ff (W) fl eC 



A similar commutative diagram holds for elements in A n . Since these ele- 
ments generate the corresponding G*-algebras, we can conclude that j3k corre- 
sponds to dfc under the isomorphism T. □ 

Now we are ready to state our classification result for strict Rokhlin property: 

Proposition 3.10. Let a: G i— > Aut(A) be a product-type action, where G is 
finite cyclic and A is UHF. Then a has the strict Rokhlin property, if and only 
if up to a telescope, for any n € Z >0 the projections P 9 for g € G constructed 
in Proposition 13 . 71 are mutually Murray- von Neumann equivalent. 

Proof. A telescope does not change the action, so let's assume that for any 
n 6 Z>o, the projections P 9 are mutually equivalent. Let F be a finite set 
in A. Without loss of generality we may assume that F is in A n _i, for some 
n G Z >0 . Recall that P 9 — | C| 1 ^2 heG (, h {g)ir n {h) . Since these projections 
are equivalent, for each g G G, there exists a partial isometry W 1,9 such that 
W^W 1 ' 9 * = Pi and W 1 ' 9 * W 1 ' 9 = P 9 ((Here 1=1 G is the identity element). 
Let W 9 ' 1 denote the conjugate of W 1 ' 9 and let W 9 < h = Let S(; ■) 

be the Kronecker delta, we have: 

W 3 ' 3 = P 9 , W 9 ' h W k ' 1 = S(h, k)W 3 ' 1 , Wg, h,k,le G. 

Let Q k — t^tt J2 g heG ( k (g~ 1 h)W 9 ' h , for any k in G. Now we can compute that: 

QkQJ = w { c^r^ow^x E c J (fl2~%)w a,fal ) 

giMeG giMeG 

= T^2 E c^r^cWW 31 ^ 

1 1 giM,h 2 EG 

1 1 giMMeG 



<km4 E c^r'xww™^ 

1 1 giMeG 



= 6 ^^W\ £ C k {9ih^)W 9 ^ h > =S(k,j)Q k 
1 1 giMeG 
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^ k y = 4 E C*Gr 1 fc)(w 9, T 

g,heG 

4e cv^)^ M 



gMEG 



\G 



gMEG 



E« fe = E A E cV'w 

AiGG fceG 1 1 g.TtSG 

SGG 



IG 



a g (Q k ) = n n {g)Q k TT n (g)* 

= (Ec fl "(0^)(4 E cV^^xEcoo^) 

;eG ' ' r,heG sSG 

' ' l,r,h,seG 

= ^E^Vx^- 1 ^™^ 
= 4E^ fc (^ 1 ^ M/r, ' l = Q 9fc 

Let's consider the projections {1 <X> Q fc }fceG- It's easy to check that they are 
Rokhlin projections for F, therefore a has the strict Rokhlin property. 

Conversely, Suppose the action has the strict Rokhlin property. Then the 
dual action a is strictly approximately representable, and therefore induce trivial 
action on K (C*(G,B, a)) (See Proposition 2.4 of [4] for details). Now fix n e N. 
For each h £ G, let 1^ = (0, . . . , l\ , 0, . . . ) be an element of (BgeG^n- Let (f>n !00 
be the connection map from (B g ^c^-n to lirnQgecAf and let rjh = 4> n ,oo{Ih)- 
Since a acts trivially on Kq(C* {G , A, a)) , we have: &h{[r)k\) = [rjk], for any 
h, k G G. It's easy to see that a commutes with connecting maps so we 
get:[</> n>0 o(&fc(ifc))] = [4>n,oo{h)]- For the K groups of the inductive limit, 
we have Ker(0„ !OO ) = U°^ n+1 Ker0 nj i. So there exist some m > n, such that 
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[4>n,m{ah{h))} = [<t>n.,m{h)]- Now by Proposition [331 we have a h (I k ) = hk- 

Let's define P£ m = | G |-i J2 heG C h (g) ®T=n *■<(&)• By Proposition O P» m 
are mutually orthogonal projections sum up to 1, such that the connecting map 
is given by: 

(Vn-theG >-> {Un)h£Gi where y£ = ^ ® P^ 1 . 

Hence (j> n ,m{h) = (1 ® -P^+i, m ) ff eG- Now [0n,m(aft(4))] = [<^„, m (4)] im- 
plies: 

[(1 ® ^K^ec] - [(1 ® Pfri,J a eG],Vh, k G G 
Since i£o(©^M0 = ffi^o(^n) an d ^« = A n is an matrix algebra, equality in 
the Kq group implies that 1 (g) Pn+iln is Murray- Von Nuemann equivalent 

to 1 P^+i TO) for all <?,/i,fc in G. Therefore, for any n G Z >0 , we can find a 
m = m(n), such that the projections P^ +1 m are mutually Murray-von Neumann 
equivalent. Define a telescope inductively by setting n\ = 1 and 7Ji+i = m(rii) 
completes the proof. □ 

Note that two projections are equivalent in a UHF algebra if and only if they 
have the same trace. This enables us to reformulate Proposition 13.101 in terms 
of the characters of the unitary representations. 

Lemma 3.11. Let P-{ = | C | 1 YlheG C' l (ff) 7r n(^) t> e t ne projections defined 
as in Proposition 13.71 Let d n be the dimension of H n and let Tr be the un- 
normalized trace on B(H„). Let Xn — Tr o 7r„ be the character of n n . Then 
the projections P% are mutually Murray-von Neumann equivalentif and only if 
Xn(g) = S(g, \G)d n for any g G G, where 5 is the Kronecker delta. 

Proof. If Xn{g) = S(g, 1g)\G\ for any g G G, then 

Tr(P„^) = IGr 1 ]T C'CffJXnW - \G\- 1 G \(g)d n = V 5 G G 

Hence these projections are mutually Murray-von Neumann equivalent. In 
the opposite direction, as we noted in Remark 13. 8[ we can see that Tr n {h) — 
\G\J2 g eG^ h (d)Pn- If tnc the projections are Murray-von Neumann equiva- 
lent, then we should have Tr(P^) = 4%, for all g G G. Hence: 

Xn(h) = \G\ £ C h ~\9)^ = S(h-\l G )d n = 6(h, l G )d n . 

g£G ' ' 

□ 



15 



The above lemma, together with Proposition 13.101 proves that the strict 
Rokhlin property part of Theorem 13.31 in the special case where G is a finite 
cyclic group. 

Now let's turn to the tracial Rokhlin property case. We still assume that 
the group G is finite cyclic and a: G H- Aut(A) be a product- type action on a 
UHF algebra A. If a has the tracial Rokhlin property then the dual action will 
act trivially on the trace space of the crossed product. (See Proposition 2.5 of 
[5]) This suggest us to study the trace space of the crossed product. 

The tracial states in T(C*(G, A, a)) are in one-to-one correspondence with 
sequences of compatible traces {(T n )^ =1 | r„ g T((BA^), t„ = t„ + i o 4> n:n+ i}. Let 
t% denote the unique tracial state on A 9 n . When the C*-algebra is specified, we 
use r to denote r^, as it will cause no confusion. It's easy to see that T{®A^) 
can be parametrized by a standard simplex 

A |G| = {{s 9 ) g eG I ^s 9 = l, s g >0,\fge G}, 
g&G 

where {s 9 ) geG is mapped to J2 g eG s9r n- 

Let t Sji be the tracical state determined by s n = (s^)geG- Computation shows 
that the compatibility condition is equivalent to that 

s n = S n+1 T (-Pn+1 )• 

h£G 

Where P 9 are the projections defined as in Proposition 13.71 Define T n+ i to be 
the \G\ x \G\ matrix whose (h,g)-entry is r(P n ^_ 1 ). The compatibility condition 
can be rewritten as s n = T n+ is n+ i. This lead us to study the infinite product 

Let P 9 m be the projections defined in Proposition 13.71 We have the following 
identity: 

leG 

Let P n be the \G\ x \G\ matrix whose (g,h)-entry is P^ h , then the above 
equations can be rewritten in matrix form: P n ,n+i = Pn.Pn+1, where the mul- 
tiplication of the entries is given by tensor product. Since r(a (g) b) — r(a)r(&), 
We see that T n ^ n+ i = T n T n+ i. So telescoping corresponds to "Adding bracket 
in the infinite product". As a priori, Y[ n T n may not be convergent. But we 
have the following: 

Lemma 3.12. Let T n be the matrix (r(P 9h )) g ,h£G, where P% is defined as 
in Proposition [3T7J Then there exists a telescoping, such that for any m € Z>o, 
the infinite product Jl^Lm converges. The conclusion holds no matter a has 
the tracial Rokhlin property or not. 



1G 



Proof. We first observe that the matrices T n are circular matrices, they can be 

simultaneously diagonalized: Let X be the unitary matrix , , (C h (9))h,geG- 

v |g 

Then 

XT n X* = diag{\l\\l\. . . ), where X 9 n = £ C 9 (^MP„ h ). 

Hence the convergence of the infinite products of matrices is the same thing 
as the convergence of infinite product of the corresponding eigenvalues: Y[ n ^n- 
Fix a g in G. We can estimate that: 

\K\ < J2 K 9 ( h MPn) =^(E P n) = T ( J «) = L 
hSG /iGG 

Hence for any m 6 Z >0 , the partial products S*' = IlL=m ^ s bounded by 1 
for any / > to. We can therefore select a sub-sequence so that it converges. But 
choosing a sub-sequence of the partial product corresponds exactly to a telescop- 
ing. We conclude that for any g G G and any m > 0, the exist a telescoping, 
such that the infinite product ri ra >m converges. Since the composition of 
telescoping is again a telescoping, we can first use a Cantor's diagonal argu- 
ment, then use induction on m, to find a single telescoping, such that for any 
g G G and any to > 0, the infinite products Jl^Lm converge. □ 

Now we are ready to state the necessary and sufficient conditions for tracial 
Rokhlin property: 

Proposition 3.13. Let a: G — > ®^ = iA n be a product-type action on a UHF- 
algebra A, where G is finite cyclic. Adopt notations in Lemma f3. 121 The action 
a has the tracial Rokhlin property if and only if there exists a telescoping, such 
that for any m G Z>o, the limit matrix J] n>m T n exists and has rank 1. 

Proof. In one direction, suppose [] n>m T„ has rank 1, for any m G Z>o- Let 
F G ® n A n be a finite subset. Without loss of generality we assume that F C 
®n=\An for some k G Z >0 . Let e > be given. Let m = k + 1. 
For a circular matrix, it has rank 1 if and only if all the entries are equal. Let E 
be the matrix such that all the entries are equal to . Then there exists some 

I > to, such that || nL=m^« — -^llmax < / 1 C | . The discussion before Lemma 
l3T2j shows that H n=m T n = T m j, where the (g,h)-th entry of T m j is t{P 9 ^ 1 ). 
Without loss of generality, we assume that r(P^ nl ) is smallest among all the 
entries of T m j, where 1 = 1q is the identity of G. 

Now lets do a similar construction as in proposition (13.101) . Since P^ n ; has 
smallest trace among the others, we can, for each g G G, find a partial isometry 
W 1 ' 9 such that W^W 9 ' 1 = P^j and W 9 > 1 W 1 * 9 is a sub-projection of P? nl . 
Here we adopt the same notation as in Proposition 13. 101 W 9,1 is the conjugate 
of W 1 * 9 and W 9 ' h = W 9 ' 1 W 1 ' h . Let Q k = T, g ,heGC k {9' lh W^ h . By the same 
computation, we have: 



17 



1- {Q k }k£G are mutually orthogonal projections. 

2. a g (Q k ) = Q^ k . 

3. Let Q = J2 keG Q k ,Q = J2 geG W^. 
Now 

^)>^-||T-^>^. 

Since W^ 9,9 is a subprojection of which is equivalent to P^i, we have 

T (Q) = Y, g eG T ( W9:9 ) > 1 - £, or equivalently r(l - Q) < e Hence {1 ® Q fc } 
are tracial Rokhlin projections which commutes with F. 

For the other direction, assume that the action has the tracial Rokhlin prop- 
erty. Then the dual action is tracially approximately representable and hence 
induce trivial action on the trace space T(C*(G, B, a)). Since Yl^L m T n con- 
verges for all m > 0, we let T TOitx) denote the limits. Fix a vector s € A' 6 ', let 
s m = T mt00 s, for each m > 0. Since T TOitx) = T TO T m+liOC) , we see that {s m } form 
a sequence of compatible traces and hence defines a trace on the crossed product 
C*(G,B,a). Let e = (1, 0, 0) <E (BgecA-^, an d suppose s m — {s 9 m ) g ^G- Now 
the dual action acts trivially on the trace space means s m (dfc(e)) = s m (e), for 
each k € G. This implies sj^ = s^, for all k. Hence the image of A' G I under 

is a single point. But the simplex A' G I generates the 
3 , we see that T mj00 has rank 1, for any m > 0. □ 

Just as we did for strict Rokhlin property, we can reformulate Proposition 
13. 131 in terms of the characters of the unitary representations, using the following 
lemma: 

Lemma 3.14. Suppose a: G i— > Aut(A) be a product-type action, where G is 
finite cyclic and A is UHF. Let H n and ir n be defined as in Definition 13.11 Set 
d n to be the dimension of H n . Let Xn = Tr o n n be the character of ir n , and 
let T n be the circular matrix defined as in Lemma 13.121 Let \ : G H> C be the 
characteristic function on {Ig}- Then for any I £ Z>o, Ti j00 has rank 1 if and 
only if n,> m % = X- 

Proof. Without loss of generality we may assume 1 = 1. Recall that 



P3, m = \G\- i yj h (g) ®T= n n(h). 
Since Tr = ir, we have: 



h£G 



r(P?,J = \G\- l J2C h (9)U^f ) - ( 3 ) 



Xi(h) 

heG i=l " 

Since T\ n are circular matrices, Xi j00 has rank 1 if and only if lim T\ n 

n— > oo ' 

tends to E, where E is the matrix who entries are all equal to j^y. This is 
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further equivalent to lim t(P? ) = -rhr, for all g 6 G. In Equation ([3]), if 

we take the limit, the same computation as in the strict Rokhlin property case 
shows that lim r(Pf ) = rhr is equivalent to lim FT? , = □ 

So far we have proved Theorem l3.3l for finite cyclic groups. For general finite 
groups, we can actually reduce the problem to the finite cyclic case, based on 
the following two observations: 

Lemma 3.15. Let a: G H> Aut(A) be an action, where G is finite and A is a 
unital simple C*-algebra. Let H be a subgroup of G. If a has the strict Rokhlin 
property, then the induced action ol\h also has the strict Rokhlin property. If a 
has the tracial Rokhlin property, then a\n also has the tracial Rokhlin property. 

Proof. See Lemma 5.6 of |3J. The proof of the strict Rokhlin property case is 
basically the same. □ 

Lemma 3.16. Let irG n- B(H) be a finite dimensional representation. Let 
H be a subgroup of G, tt will induce a representation tt\h on H. If \ is t ne 
character of tt and xh is the character of 7r|#, we have \h = x\h- 

Definition 3.17. (Model action) Let r = (ri)°Z 1 and s = (si)°Z 1 be two infinite 
sequences of non- negative integers. Let iTi be some arbitrary representation on 
C Si , and we write tt = Set 

h % = f(G) e / 2 (G) • • • e i 2 {G) ®c s \ 

S v ' 

Let ifi: G 4 B(Hi) be the direct sum of left regular representations on each 
copy of l 2 (G) and ni on C Si . As in definition 13. 1\ we get a product-type action 
a{r, s, tt) induced by the representations rfi. We call a(r, s, tt) the model action 
for the triple (r, s, it). If s = 0, we write a(r) — a(r, 0, 0). 

Now let's turn to the proof of Theorem 13.31 for general finite groups. 

Let a: G i— > Aut(A) be a product-type action with the strict Rokhlin prop- 
erty. Write G as a finite union of cyclic subgroups G = Kq U K\ U ■ • • U K s . Since 
a | k has the strict Rokhlin property, by the cyclic group version of Theorem l3.3l 
there exists a telescope such that X "J K ° = x\k f° r any n € Z>o- We can find a 
successive telescope such that Xm|ifi = x\k 1 for any m e Z >0 . It's easy to see 
that we still have Xm ^ K ° = ^\ Ko after the telescope. Since the composition of 
telescopes is again a telescope, repeating the above procedure will give us a tele- 
scope, such that Xn\Ki — x\Ki for any 1 < i < s. Since G = ]f UA' 1 U---U K s , 
we see that Xn = Xj f° r any n £ Z>o- 

Conversely, if there exists a telescope, such that f 21 = X f° r any n G Z>o- 
Let ti, . . . , Lk be the irreducible characters of G with dimensions r\, . . . , re- 
spectively. Let Xn = SiLi ^ be the irreducible decomposition, then a,; =< 
Xn,H >= Tfjf- Since each dj is an integer and at lease one r,- = 1, we see that 
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4% is an integer. Hence n n is equal to the character of the direct sum of 4% 
copies of left regular representations. Therefore 7r„ is equivalent to a direct sum 
of left regular representations. Recall that two actions a: G n- Aut(A) and 
(3 : G h-> Aut(B) are said to be conjugate if and only if there exists an isomor- 
phism T: A H> B such that T o a g = (3 g o T, for any g G G. Let r = ( |^fj)n>o, 
we see that a is conjugate to the model action a(r) (Definition 13. 1 7[) . Hence a 
has the strict Rokhlin property. 

The proof of the tracial Rokhlin property case is quite similar, we shall only 
prove one direction: if there exists a telescoping, such that for any n G Z>o, 
rifcn = X: then the action has the tracial Rokhlin property. The following 
lemma, as a special case of Lemma 5.2 of [3], simplifies our argument for product- 
type actions. 

Proposition 3.18. Let a:G4 Aut(^4) be a finite group action on a UHF- 
algebra A, let r be the unique trace on A. Then a has the tracial Rokhlin 
property if and only if for any finite set F C A, any e > 0, there exists mutually 
orthogonal projections e g in A for g G G, such that: 

(1) ||e g a — ae g \\ < e, \/g G G and a G F. 

(2) \\a g (e h ) -e gh \\ < e. 

(3) r(l-e) < e 

Now let F be a finite subset of A, without loss of generality assume that 
F C A n _x, for some n > 0. Let e > be given. Set e = gjfjT- Since 
d7 = X, we can nnd some m> n such that || J]™„ ^ - xlLax < £o- Let 
Xnjn = 111=71^' we can see that Xn.m is the character of the representation 
7Tn,m = ^^n^i, with dimension d n , m = YT^L n df Let ilf = 2|G|/e, increasing 
m if necessary, we may further require that d n ,m > M. 

In the following, we are going to show that 7r„. m is 'close' to a direct sum of left 
regular representations. Let Oi, . . . , t& be the irreducible characters of G with 
dimension n , . . . , Tk respectively. Then the max norm of each ^ will be less 
or equal to |G|. From now on, for characters, || • || will always denote the max 
norm. Let Xn.m — J2i<i<k aiLi ^ e * ne irreducible decomposition of Xn,m- Since 
II — xll < £ > We can see that for any i, 



\G\ 



Xn.m 1 a \ 

: < -i X,H> (4) 



<\G\ 



X.n,m 

j x 



< \G\ 2 e (5) 



Let d = mini<i<fe{ }. We can then decompose Xn.m as the sum of two 
characters %' and x"i where x' — J2i(^ r i) i i^ an d x" — Xni w — x' ■ Let 7r' be the 
direct sum d copies of left regular representations which corresponds to x', and 
let 7r" be a representation corresponds to x" ■ Let d! and <i" be the dimensions 
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7r' and 7r" respectively. Our claim is that d , d i _ d ,, — — < £• 

Note that d! = J2i<i<k = d\G\. By the definition of d, there exists some i 

such that — a^/ri 1 1 < 1. Using equation ([5]), we can estimate: 











< 


d n , m 




(d-%)\G\ 


+ 


d n ,m 


< - 




\G 
M 





<e/2 + e/2 = 



Let's consider the representation ff = ir' ® ir", Let cii be the inner action defined 
by g i— > Ad(7r(g)). Since 7r contains copies of regular representation whose total 
dimension is d' , we could find mutually orthogonal projections e g for g G G such 
that Q/i(e s ) = e/j ff , and Tr(e) = d', where e = X) g eG e a- "Vi^ i s equivalent 
to 7r because they have the same character, therefore the induced actions ot n>m 
and a are conjugate. Hence we can find projections for a„ m satisfy the same 
properties. Note that Tr(e) = d' implies t(1 — e) = 1 — d' /d n<m < e. Hence 
they are tracial Rokhlin projections. By Lemma fe-lSl a has the tracial Rokhlin 
property. 



From the above proof, we can also get the following characterization of the 
Rokhlin properties: 

Corollary 3.19. Let a: G H> Aut(A) be a product-type action where A is 
UHF. Then: 

(i) a has strict Rokhlin property if and only if there exists some r — (Pi)i<i<oo) 
such that a is conjugate to the model action a(r) (See Definition 13. 17)) . 

(ii) a has the tracial Rokhlin property if and only if there exists some r = (r, ), 
s = (sj) and 7r = (7^) with lim ^ = 0, such that af is conjugate to the 

model action a(r, s, ir) 

4 Tracial Rokhlin property for non-simple C*- 
algebras 

In this section, we are going to give an alternative definition of tracial Rokhlin 
property for non-simple C*-algebras. Although the original definition of tra- 
cial Rokhlin property makes sense for non-simple C*-algebras, it may be too 
strong to be distinctive from the strict Rokhlin property, as we can see from the 
following example: 
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Example 4.1. Let a: G i-> Aut(A) and /?: G i-> Aut(S) be two actions of 
the same group G. Let 7r: G i-> Aut(A © S) be the direct sum, i.e. ir(a, b) — 
(a(a), (3(b)), for any a e G and b € B. Then 7r has the tracial Rokhlin property, 
if and only if both a and j3 have the strict Rokhlin property. In other words, 7r 
has the tracial Rokhlin property if and only if it has the strict Rokhlin property. 

Proof. Suppose 7r has the tracial Rokhlin property. Let F be a finite subset 
of A and let e > 0. Choose any positive element b in B with norm 1. Let 
F 1 — {(a, 0) | a e F} and let x = (0,6). Since tt has the tracial Rokhlin 
property, there are mutually orthogonal projections e g in Affl B, for g e G such 
that 

(1) \\a g (e h ) - e gh \\ < e. 

(2) ||e g (a,0)- (a,0)ej <£,VaeF. 

(3) With e = Zgec e g ,l-e£ s x = (0, b). 

Let e g — (p g ,q g ). Then we can see that the projections p 9 ei for g in G are 
mutually orthogonal projections satisfy: 

(!') IK W ~ e 3^ll < IK( e ?0 - e 3ftl! < £• 

(2') \\ Pg a~a Pg \\ < ||e s (a,0)-(a,0)e s || <e,VaeF. 

(3') Let p = Egec^S' and 1 = T.geG^a^ Then 1 ~ e = ( X ~ P' 1 ~ <?) ^ (0,6), 
hence 1 — p ^ s 0, which forces 1 — p = 0, or p = 1. 

Hence a has strict Rokhlin property. The same argument shows that j3 also has 
the strict Rokhlin property. It's not hard to see that n — a © j3 has the strict 
Rokhlin property if and only if both a and j3 has the strict Rokhlin property. □ 

An element a in a C*-algebra is said to be full if the closed ideal generated 
by a is the whole C*-algebra. Inspired by the above observation, we give the 
following alternative definition of tracial Rokhlin property: 

Definition 4.2. Let A be an infinite dimensional unital C*-algebra, and let 
a : G — > Aut(A) be an action of a finite group G on A. We say that a has the 
weak tracial Rokhlin property if for every finite set Fci, every e > 0, every 
positive element b € A with norm 1 and every full positive clement x e A, there 
are mutually orthogonal projections e g <G A for g <G G such that: 

(1) ||a 9 (eh) - e g h|| < e for all <?, he G. 

(2) ||e s a — ae g \\ < e for all g e G and all a e F 

(3) Let e = X) 9 eG e ff' we nave 1 — e ~s x 

(4) ||e6e|| > 1-e 
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By the same perturbation argument as in Lemma 1.17 of [JJ, we could have 
a formally stronger version of weak tracial Rokhlin property, by requiring that 
the defect projection be a-invariant: 

Lemma 4.3. Let A be an infinite dimensional unital C*-algebra, and let a : G — > 
Aut(A) be an action of a finite group G on A. Then a has the weak tracial 
Rokhlin property if and only if for every finite set F C A, every e > 0, every 
positive element b E A with norm 1 and every full positive element x £ A, there 
are mutually orthogonal projections e g E A for g € G such that: 

(1) \\a g (e h ) - e gh \\ < e for all g,h E G. 

(2) ||e 9 a — ae g \\ < e for all g E G and all a E F. 

(3) Let e = J2 g eG e 9' e ^ s a ~ invariant. 

(4) 1 - e ^ s x. 

(5) ||e&e|| > 1-e. 

The weak tracial Rokhlin property coincides with the original tracial Rokhlin 
property in the simple C*-algebra case: 

Proposition 4.4. Let A be an infinite dimensional simple unital C*-algebra, 
and let a : G — ► Aut(A) be a finite group action. Then a has the tracial Rokhlin 
property if and only if it has the weak tracial Rokhlin property. 

Proof. It's trivial that weak tracial Rokhlin property implies tracial Rokhlin 
property, since every non-zero element in a simple C*-algebra is full. So let's 
prove the other direction. We may assume that A has Property (SP), otherwise 
a has the strict Rokhlin property and therefore tracial Rokhlin property. Let 
F be a finite subset of A, e > be a positive number, b E A + has norm 1, and 
x E A + is non-zero. Let 5 — ( 2 |g|+3) • ^ Lemma 12.61 there exists a non-zero 
projection q E Her(fe), such that for any projection r < q, we have \\rb — r|| < 5. 
By Lemma 3.5.6 of [llj . we can find a non-zero projection p < q, such that 
p ^ s x. Let F' = FL){p}, since a has tracial Rokhlin property, we can mutually 
orthogonal projections e g E A such that: 

(1) \\ctg(e h ) - e gh \\ < S < e for all g, h E G. 

(2) \\e g a - ae g \\ < S < e for all g E G and all a E F' 

(3) Let e = J2 g eG e 9' we nave 1 — e ~s V 

(4) ||epe|| > 1-6 

By our choice of p, we have: 1 — e ^ s p ^ s x. So we need only to verify that 
1 1 efoe 1 1 > 1 — e. For that, we have the following estimation: 

||e6e|| > ||pebep|| > ||ep6pe|| — \\(ep — pe)bpe\\ — \\peb(pe — ep)\\ 

> \\epe\\ - \\e(p - pb 1/2 )pe\\ - \\epb^ 2 {b 1/2 p - p)e\\ - 2\G\S 

> l-S-6-S-2\G\6=l-e 

□ 
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Looking back to Example 14. II we gave at the beginning of this section, we see 
that the weak tracial Rokhlin property is a better definition, because we have 
the following: 

Proposition 4.5. Let a: G H> Aut(A) and /3: G i-> Aut(-B) be two actions of 
the same group G. Let tt: G H> Aut(A © £>) be the direct sum, i.e. 7r(a, b) — 
(a(a), (3(b)), for any a £ G and b E B. Then 7r has the weak tracial Rokhlin 
property, if and only if both a and (3 have the weak tracial Rokhlin property. 

For the proof, we just need to observe that for a = (oi, a 2 ) in A © B, a is 
full if and only if a\ and a 2 are both full in the corresponding C*-algebras. 

The original motivation for introducing the tracial Rokhlin property is to 
deal with crossed products of tracially AF algebras, or C*-algebras of tracial 
rank 0. In [5] Lin gives the following definition: 

Definition 4.6. We denote by be the class of all unital C*-algebras which 
are finite direct sum of the form: 

P 1 M ni (C(X 1 ))P 1 © P 1 M n2 (C(X 2 ))P 2 © • • • © P s M ns {C{X s ))P s 

where s < 00 and for each i, Xi is a fc-dimensional finite CW complex, Pi is a 
projection in M ni (C(Xi)) 

These will serve as our building blocks. Lin gave a definition of tracial rank 
in [9] , where it was called tracial topological rank. Later he showed in [10] that 
the definition can be slightly simplified, for which we can take as the definition 
of tracial rank: 

Theorem 4.7. (Theorem 2. 5, [10]) Let A be a unital C*-algebra. Then the 
tracial rank of A is less or equal to k, if and only if for any finite subset F E A, 
every < 04 < 03 < 02 < a% < 1, and every positive element b € A with 
H&ll = 1,, there exist a C*-subalgebra B C A with B e and 1 B — p such 

that: 

(1) || [x,p}\\ < e for all x e F. 

(2) pxp E £ B for all x G F. 

(3) /£ ((1 - P )b(l -p))£. HI {{pbp)) 

If the tracial rank of A is less or equal to k, we write TR(A) < k. While the 
comparison condition (3) in the definition of tracial rank seems rather compli- 
cated, it can be greatly simplified when the C*-algebra is simple: 

Theorem 4.8. (Theorem 6.13,(9]) Let A be a simple unital C*-algebra. Then 
TR(A) < k if for any finite subset F E A, any nonzero element b G A + , there 
exist a C*-subalgebra B C A with B E J'^ and 1b = P such that: 

(1) || [x,p\\\ < e for all x E F. 
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(2) pxp e e B for all x e F. 



(3) l-p£„b. 

In [J], Phillips proved the following: 

Theorem 4.9. Let A be an infinite dimensional simple separable unital C*- 
algebra with tracial rank zero. Let a: G — > Aut(A) be an action of a finite 
group G on A with the tracial Rokhlin property. Then the crossed product 
C*(G, A, a) has tracial rank zero. 

One natural question would be how to extend the above result to the non- 
simple case. The main result of this section is that our definition of weak tracial 
Rokhlin property works in some special case, namely when the crossed product 
is simple: 

Theorem 4.10. Let A be an infinite dimensional separable unital C*-algebraLet 
a : G — > Aut(A) be an action with the weak tracial Rokhlin property. Assume 
that A is a simple and TR(A) < k. Then C*(A, G, a) has tracial rank < k. 

We shall prove this theorem at the end of this section. 

The assumption that A is a simple is used to ensure that C*(G, A, a) is 
simple, as we have the following: 

Lemma 4.11. Let A be an unital C*-algebra. Let a: G —> Aut(A) be a finite 
group action with the weak tracial Rokhlin property. Then A is a-simple if and 
only if C*(G, A, a) is simple. 

Proof. If / is a proper a-invariant ideal in A, then C*(G, J, a) is a proper ideal 
in C*(G, A, a), hence C*(G, A, a) is simple implies A is a-simple. For the other 
direction, there are several proofs. Using the Rokhlin projections, it's not hard 
to show that for any ag, a\, . . . , a n in A with ao positive, any e > 0, there is a 
projection p such that: 

\\pa p\\ > \\ao\\ - £, \\pai - OiP\\ < e, \\pa g (p)\\ < e for g ^ 1 (*) 

Then the same lines as Theorem 7.2 of [13] shows that C*(G, A, a) is simple. 
A more sophisticated way is to use Theorem 2.5 of [TS]. A discrete group is 
exact if and only if the reduced C*-algebra is exact. In particular, finite groups 
are exact. When A is a— simple, it's easy to see that the weak tracial Rokhlin 
property implies the residual Rokhlin* property (See Definition 2.1, [H]). By 
Theorem 2.5 of [TS], the A separates the ideal in the crossed product, which is 
equivalent to that the crossed product is simple. □ 

When A is a— simple, we have a similar result as in Lemma l2.4l It may not 
be true in general. 
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Lemma 4.12. Let A be an unital C*-algebra. Let a: G — > Aut(A) be a finite 
group action with the weak tracial Rokhlin property. If A is a-simple, then 
either A has Property (SP) or a has the strict Rokhlin property 

Proof. When A is a-simple, by Proposition 2.1 of [TB], A is a finite direct sum of 
simple ideals which are permuted transitively among each other by the action of 
G. Write A = ■ -® I n . Suppose A does not have Property (SP). Then there 
exists some non-zero positive element b € A such that Her(6) contains no non- 
zero projection. Write b = (&i, . . . , b n ), where bi is a positive element in 7$. Since 
b is non-zero, Without loss of generality 61 is non-zero. Hence Her(&i) contains 
no non-zero projection. Since the ideals are permuted transitively by the action 
of G, we can choose gi such that a gi (Ii) — Ii, for each i. Let b\ = a gi (bi), 
consider the element b' = (b[, . . . , b' n ). Since b[ is a full element in I\, we can 
see that b' is a full element in A. But Her(&') = Her(6' 1 ) © • • • © Her(6^) contains 
no non-zero projections. Now if we choose Rokhlin projections correspond to 
b', the defect projection will be forced to be 0, hence the Rokhlin projections 
must sum up to 1 and therefore a has the strict Rokhlin property. □ 

It should be pointed out that to the author's knowledge, so far no versions of 
Rokhlin properties are known that could extend Theorem 14.91 in full generality, 
except the strict Rokhlin property: 

Theorem 4.13. Let A be an unital separable C*-algebra with tracial rank 
< k. Let a: G — > Aut(A) be an action with the strict Rokhlin property. Then 
C* (A, G, a) has tracial rank < k 

The proof of the above theorem is based on the following lemma, which can 
be extracted from the proof of Theorem 2.2 in [3]: 

Proposition 4.14. Let A be a unital C*-algebra a: G — >• Aut(A) be an action 
with the strict Rokhlin property. Let n — card(G) < 00. Then for any finite 
set Fin the crossed product C* (G, A, a), any e > 0, there exists a projection 
/ G A and a unital homomorphism <f>: M n (fAf) — > C*(G,A,a) such that 
dist(6, c/)(M n (fAf)) < e, for any be F. 

P\xi xi 13 yi 15T~ xi \ > |4TT5I : The property of having traical rank less or equal 
to k passes to unital hereditary subalgebra, matrix algebra and sub-quotients, 
by Proposition 5.1, Theorem 5.3 and Theorem 5.8 of [3]. Hence Proposition 
14.141 together with Proposition 4.8, proves our Theorem 14. 131 

In Theorem 14.101 the assumption of Property (SP) on A is used to ensure 
that the crossed product has Property (SP). The proof of this fact depends on 
the following theorem: 

Theorem 4.15. (Theorem 2.1 of [8 ) Let 1 € A C B be a pair of C*-algebras. 
Suppose that A has Property (SP). If there is a faithful conditional expectation 
E from B to A, such that for any non-zero positive element x in B and any 
e > 0, there is an element y in A satisfying: 

\\y*(x - E(x))y\\ < e, \\y*E(x)y\\ > \\E(x)\\ - e, 
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then B also has Property (SP). Moreover, every non-zero hereditary C*-algebra 
of B has a projection which is equivalent to some projection in A in the sense 
of Murray- von Neumann. 

Proposition 4.16. Let A be a C*-algebra with Property (SP) and let a: G — > 

Aut(A) be an action with the weak tracial Rokhlin property. Then C*(A, G, a) 
also has Porperty (SP). Moreover, every non-zero hereditary C*-algebra of 
C*(A, G, a) has a projection which is equivalent to some projection in A in 
the sense of Murray-von Neumann. 

Proof. Let B be the crossed product C*(A,G,a). Let {u g } be the canonical 
unitaries. Then every element of B can be written as X) 9 6G^9 U 9' where b g £ 
A, V<? £ G. Let 1 be the identity element of G, then a natural faithful expectation 
E from B to A can be defined as E(^ ggG b g u g ) = b\. 

Now we check that E satisfy the conditions in Theorem 14.151 Let x — 
S 9 eG b g u g be a non-zero positive element of B. Then b\ = E(x) must be a 
non-zero positive element of A: write x — zz* where z = ^2 g ^QC g u g , then 
bi = X) 9 gg c 9 c g 7^ 0- Without loss of generality, we can assume that bi has 
norm 1. Since a has the weak tracial Rokhlin property, Let F = {b g \ g G G}, 
b\ be the positive element of A with norm 1 and S = ngrazTgnrn > we can nn d 
mutually orthogonal projections e g £ A for g £ G such that: 

(1) \\a g (e h ) - e gh \\ < S for all g, h £ G. 

(2) ||e s a — ae g \\ < S for all g £ G and all a £ F. 

(3) With e - J2 g ec e s- ll efo i e ll > 1 - 6 - 
Since ||e&i — 6ie|| < 5, we see that: 

e g b ieg )\\ = \\ ^ e g b ieh \\ < (|G| 2 -|G|)<5+|| ^ e g e h h\\ - (\G\ 2 -\G\)5. 

g£G g^h g^h 

Note that since e g b\e g for g £ G are orthogonal to each other, we have 

II e 3 b i e g\\ = max {ll e <A e sll I 9 G G}. 
g&G 

Hence there exists some h £ G, such that 

\\e h bxe h \\ = || e 9 b i e g\\ > ll e& i e ll ~ (l G l 2 - \ G \) dt > 1 ~ e - 
sec 
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Let y = eh, then ||yE(x)j/|| > 1 — e. Also we have: 
\\y*(x-E(x))y\\ 

= hh(^b g u g )e h \\ 
= \\C^ e hbga g {e h )u g \\ 

< \\ehb g e gh \\ 

< (5^(11 {ehbg - b g e h )e gh \\ + \\b g e h e gh \\) 

< (|G|-l)(5 + 0) <e 

Hence the conditions in Theorem 14.151 are met. Note that the comparison con- 
dition is not used in the above proof. □ 

We can extract the following technical lemma from the proof of Theorem 
2.2, 0]: 

Lemma 4.17. Let a: G —> Aut(A) be a finite group action. Let F be a finite 
subset of A and let u g , g G G be the canonical unitaries implementing the 
action. Set n = card(G). For any e > 0, there exist S > such that for any 
family of mutually orthogonal projections e g G A, for g G G with: 

(1) \\a g {e h ) - e gh \\ < S, 

(2) ||e s a — ae g \\ < 8 for any a G F and 

(3) e = S g eG e g i s a ~ invariant, 

then there exists a unital homomorphism <j)Q : M n — > C* (G, A, a) such that 
4'o(v g , g ) = e g , where v g _h is the standard (g,h)- matrix units of M n . Further- 
more, let 1 — 1g be the identity of G, if we define an unital homomorphism 
tf>: M n ® eiAei -> eG* (G, A, a)e by: 

4>i v g,h ® o) = <j>o(v g< ia(j>o(vi t h), forp, h € G textand a € e\Ae\. 

There is a finite subset T of M n ®e\Ae\ such that for every a € i^U{% | g G G}, 
there is some 6 G T such that ||</>(6) — eae|| < £. 

Fx x xicjxcJT^xi \i H4.10l : The proof is actually a modification of Theorem 
2.6 of [1]. Let £? = C*(A,G,a). Since the action is a-simple, B is simple by 
Lemma T4. Ill Note that for simple C*-algebras, tracial topological rank can be 
simplified as in Theorcm l4.8l By Lemma f4.12l and Theorem l4.13[ we can assume 
that A has Property (SP). 

Let S be a finite subset of B. Without loss of generality we may assume that 
S is of the form F U {u g : g G G}, where F is a finite subset of the unit ball of 
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A and u g £ B are the canonical unitaries implementing the automorphism a g . 
Let e > be a positive number, and let x be a nonzero positive element of B. 
Set n — |G|, By Lemma [4.16[ B has Property (SP). Also B is non-elementary 
since it's infinite dimensional unital simple. By Lemma 12.71 we can find 2n non- 
zero mutually orthogonal and equivalent projections pi,P2, • ■ ■ , P2n in Her(x). 
Then by Lemma f4. 161 again, we can find a projection p' € A such that p' ^ s p\. 

Now we are going to find a non-zero sub-projection p of p' so that a g (p) ^ s pi 
in B, for every g € G. List the elements of G as <?i, 52, • • " , ffn- Let /o < pi such 
that p' ~ /o- Since i? is simple, by Lemma 3.5.6 of |11) . there exists non-zero 
projections f[ < a gi (p') and /1 < /o < Pi such that /( ~ /2- Inductively, for 
i = 1, 2, . . . , n, we can find non-zero projections ft and such that 

!'i<a mgili {fU)<a gi {p'), fi<fi-i and f[ ~ 

Let p = o. g -\f' n . Then p is a non-zero subprojection of p' such that a gi (p) Xi s pi, 
for any i. 

Since £? is simple, there exists si, S2, ■ • ■ , s n in B such that X)™=i s iP s i = !• 
Write Si = ^2 geG Si,g u g- Do a computation we can show that 

n 

S h9 a g(p) S *,g = 1 

i=l gGG 

Set p = E ff ec then 

9,i g,i 

Hence p is full in A. Therefore there exists {zi\l < i < m} C A such that 
z iP z * — 1- Let M — max{||zi|| | 1 < i < m}. Set Eq — e/4, then choose 
So > according to Lemma T4. 171 for n as given and for £0 hi place of e. Let 

S = mini ■ Sn, — }. 

X 2nmM 1 °' 8n X 

Let J" = FU {zi|l < i < m} be a finite subset of A, p be a full positive element 
of A and S > 0. By Lemma 14.31 we can obtain mutually orthogonal projections 
e g in A for g € G, such that: 

(1) ||a g (e/j) - e ah || < <5 < <5 for all g,heG. 

(2) ||e ff a — ae g \\ < 5 < So for all g 6 G and all aeF 

(3) Let e = S g eG e 9' e * s a— invariant. 

(4) l-e^ s p 
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Let Vg t h be the standard matrix units for M n . By the choice of 6, there exists 
a unital homomorphism <fio : M n — > eBe such that 4*o(v gt g) = e g for all g £ G. 
Furthermore, if we define a unital homomorphism <f>: M n ® e\Ae\ — ¥ eBe by 
0( w c/,/i ® a) = </>o(^g,ia0o(i'i,h) for g,h £ G and a G eiAet, then there is a finite 
subset T of M n ® e\Ae\ such that for every a 6 f ' U u 9 | j e G, there is 6 e T 
such that — eoe|| < £o- 

Now e\Ae\ is an hereditary C*-subalgebra of A and TR(A) < k, we have 
TR(M n <g> eiAe{) < k, by Theorem 5.3 and Theorem 5.8 of [5]- In particular, 
TR w (M n ® e go Ae So ) < fc. (TR W (-) is the tracial weak rank, see Definition 
3.4 of [5] for the definition; Corollary 5.7 of [H] says that TR(A) < k implies 
TJJ,„(.A) < fc ) 

Now consider the element r — en® e\pe\. Since ^27=1 z iP z t = 1) using the fact 
\\eiZi — Ziei\\ < (5, we see that: 

m 

\\ei - ^ e i z i e iP e i z t e i\\ 
i=l 

m m 

= || eiZjpzfei - 2J eiZieipeiZ*ei\\ 

i=l i=l 

<ll y^(ei(e!^ - Ziei)p)z*ei|| + || ^(eiZiei)p)(z*ei - eiz*)ei|| 

<mnMS + mnMS < 1 

This shows that the ideal generated by eipei in e\Ae\ contains an invertible 
element, hence e±pei is full in e\Ae\. Therefore r is a full element of M n (&e\Ae\. 
By the definition of tracial weak rank, there is a projection po € -Wn ® ei^4ei 
and an E§ £ J 2 ^" with 1# = po such that 

1. ||p Q 6 - 6po|| < £ for all 6 € T. 

2. For every element b G T, there is an element 6' € S such that ||po&Po — 

3. 1-po £ s r. 

Set q — (f>{po) and S = (j>(Eo). Note that the identity of E is equal to e, the 
sum of the Rokhlin projections. Since E is isomorphic to a sub-quotient of Eq 
and £Jo S by the same argument as in Proposition 5.1 of Sj, there exists 
an increasing sequence of C*-algebras Cj, such that the union U^Ci is dense 
in E. Therefore, we can choose some large i = N, such that lc N = 1e and for 
every b £ T, there is an element b' £ Eq and a 6" in Cat so that ||po^o — V\\ < £o 
and 110(6') -b"\\ <e Q . 

Let a £ S. Choose b £ T such that \\<fr(b) — eae\\ < eq. Then, using 
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qe = eq = q, 

\\qa — aq\\ < 2\\ea — ae\\ + Hgeae — eae<?|| 

< 2\\ea — ae\\ + 2\\eae — 4>(b)\\ + \\pob — bpo\\ 

< 2n8 + 2e + e < e 

Further, choosing b' e E n such that ||po^Po — b'\\ < £o, and then choose b" 
in Cat such that ||^(&') — b"\\ < £o- then the element b" € Cn satishcs 

\\qaq - b"\\ < \\qaq - #(%|| + ||#(6)q - cj>{b')\\ + \\<f>(b') - b"\\ 

< \\eae - 0(&)|| + \\4>{p bp - b')\\ + \\<P(b') - b"\\ 

< e + eq + e < e. 

Finally, for the comparison condition, since (f>(r) — e\f>e\: 

1 - q = (1 - e) + (e - q) ^ s hatp © <f>l - p 
^ s hatp © eipei 
£ s ® geG a g (p) ffi 9eG a g (p) 
~ s Pi © Pi © • • • © ~s iC- 

Hence £> = C*(G, A, a) has tracial rank less or equal to k, by Theorem 14.71 

Remark 4.18. Actually we could replace tracial rank by weak tracial rank in 
Theorem [4. 101 if TR w (eAe) < TR W (A), for any projection e e A. But unfortu- 
nately this is not true in general. See Example 4.7 of [5] for a counterexample. 
We can also see that the norm condition is not officially used in the proof of 
Theorem 14. 101 It is used in Proposition 14. 161 which is an essential ingredient of 
the proof. It's possible to find a weak condition so that Proposition 14.161 still 
holds, in which case Theorem 14. 101 is still valid. 

5 Weak tracial Rokhlin property and tracial ap- 
proximation 

In this section, we assume that all classes of C*-algebras that we consider has 
the property that, if A = B and A belongs to the class, then so is B. Following 
the spirit of tracially AF algebras, Elliott and Niu made the following definition 
of tracial approximation: 

Definition 5.1. (Definition 2.2, [T3]) Let J? be a class of C*-algebras. A unital 
C*-algebra A is said to be in the class TAJ?, if and only if for any s > 0, any 
finite subset F of A, and any nonzero a G A + , there exist a non-zero projection 
p E A and a sub C*-algebra C C A such that C G J^, lc = P, and for all x E F, 

1. \\xp — px\\ < e, 
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2. pxp £ e C, and 

3. l-p^ s a 

By the same argument as in Example 14.11 we can see that if A, B are two 
C*-algebras such that A © B <G TAj^, then both A and B are in J . Hence 
the comparison condition in Definition 15.11 may be too strong for non-simple 
C*-algebras. We could make the following alternative definition: 

Definition 5.2. (Weak tracial approximation) Let J" be a class of C*-algebras. 
Then we define wTAj? to be the class of C*-algebra A obtained the same way 
as in Definition 15.11 with the additional requirement that the positive element a 
be full. 

The class wTAj? properly contains TAJ^ and it contains more C*-algebras 
of interest. But in contrast with TAJ?, even if the class is closed under 
taking hereditary sub-algebra, wTAj? may not have the same property. Hence 
we need make this assumption in the following proposition: 

Theorem 5.3. Let A be an infinite dimensional unital C*-algebra with Prop- 
erty (SP). Let G be a finite group. Let a: G — > Aut(A) be an action with 
the weak tracial Rokhlin property such that the crossed product C*(G,A, a) 
is simple. Suppose A belongs to a sub-class J 1 ' of wTAj^, for some class of 
C*-algebras J? . If J^' is closed under taking hereditary sub-algebras and ten- 
soring with matrix algebras, then C*(G,A,a) belongs to TAJ?. In particular, 
if A belongs to TA^, and J? is closed under taking hereditary subalgebras and 
tensoring with matrix algebras, then C*(G, A, a) belongs to TA^. 

Proof. Let F be a finite subset of C*(G,A,a), let a be a non-zero element 
of C*(G,A, a) + , and let e > 0. Let e g , g £ G be the Rokhlin projections 
corresponds to F, a and e. Let e = J2 g eG e a- From the proof of Theorem 14. 101 
we can find a unital homomorphism cf> : M n §5 (eiAei) — » eC*(G, A, a)e, and a 
subalgebra C of M n g3 (eiAe\) with lc — Po which is in the class such that: 

1. \\x(f)(po) — (f)(po)x\\ < e, for every ieF. 

2. <j)(p )x<j)(po) £ e <p(C), for every x e F, 

3. 1 - (j>(p ) £ s a 

It's not hard to see that the homomorphism (f>o defined in the proof of Theorem 
14.101 is actually injective if 6 is sufficiently small. Since J? contains isomorphic 
copies of its member, we see that C*(G, A, a) belongs to TA^\ By Lemma 2.3 
of [T3] , if ^ is closed under taking unital hereditary sub-algebras and tensoring 
with matrix algebras, so is TAJ^, hence the theorem follows. □ 

As a corollary, we have the following: 

Corollary 5.4. Let A be an infinite dimensional unital separable C*-algebra. 
Let a: G — > Aut(A) be a finite group action with the weak tracial Rokhlin 
property such that the crossed product C*(G,A, a) is simple. Suppose A has 
stable rank one, then C*(G, A, a) also has stable rank one. 
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Proof. First of all, the class of stable rank one C*-algebras is preserved by strict 
Rokhlin actions. Hence by 14. 121 we may assume that A has Property (SP). By 
Theorem 3.18 and Theorem 3.19 of [TT], the class of unital C*-algebras with sta- 
ble rank one is closed under taking unital hereditary sub-algebras and tensoring 
with matrix algebras. It follows from Theorem 15.31 that the crossed product 
C*(G, A, a) is tracially of stable rank 1. By our assumption, C*(G,A,a) is 
simple. By Theorem 4.3 of |13j . C*(G, A, a) actually has stable rank one. □ 

For real rank, with some modification of Theorem 4.3, we could get the 
following: 

Lemma 5.5. Let J 1 be the class of unital C*-algebras with real rank 0. Let A 
be a simple C*-algebra in TA^, then A has real rank 0. 

Proof. Any finite dimensional C*-algebra has real rank 0, hence we may assume 
that A is infinite dimensional. We may also assume that A has Property (SP). 
Otherwise A will be locally have real rank and therefore A itself has real rank 
0. Let x be a non-zero self-adjoint element in A and let e > 0. Assume that x 
is not invertible, otherwise there's nothing to prove. We can find a some a > 
such that 11/^(2:) — x\\ < e/2. We write / = Since x is not invertible, 
the spectrum of x contains 0. Choose a non-negative continuous function g 
supported in [—a, a] such that g(0) = 1. Then g(x) is non-zero. Since A has 
Property (SP), there exists a non-zero projection p in Her(g(x)). Also that A 
is simple, by Lemma 3.5.6 or there exist non-zero projections p% < p and 
qi < 1 — p, such that p% ~ q\. A corner of real rank C*-algebra is again a 
real rank C*-algebra, hence by Lemme 2.3 of [13], (1 — p)A(l — p) belongs to 
TA^f. By the definition of TA^, there exist a projection q 6 (1 — p)A(l — p) 
and C*-subalgebra C C A of real rank 0, such that lc = q and: 

(1) \\qf(x)q — y\\ < e/4, for some self-adjoint element y € C. 

(2) l-p- q £ sqi . 

Since q\ ~ p\ < p, there exist some projection r < p and a partial isometry v 
such that vv* = 1 —p — q and v*v — r. Now the identity of A can be decomposed 
into the sum of orthogonal projections: 1 = (p — r) + r + (1 — p — q) + q. We 
can write f(x) into a matrix form according to this decomposition. Note that 
f{x) = (1 - p)f(x)(l - p), we have: 

/o \ 

,,0 

f[X) - (l-p-q)f(x)(l-p-q) (l-p-q)f(x)q 

\0 qf(x)(l-p-q) qf(x)q ) 

Since C has real rank and \\qf(x)q — y\\ < e/4 for some self-adjoint element 
y E C, we could find a invertible self-adjoint element b € C such that ||g/(x)q — 
fe|| < e/2. Let a = (1 - jj - q)f(x)(l - p - q), c = (1 - p - q)f(x)q. Let Z be 
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the matrix: 

fp-r 
Or 
l-p-q 
\ 

Then by the same computation as in Lemma 3.1.5 of [llj . we can show that: 






-cb- 1 

q 



/(*) 



/0 





\0 






a 

c* 





c 



/0 





\o 








z* 



Now if we consider the element: 

Z(e/2)(P- 








( £ /2> 






(e/2)w 
, — cb C 




o\ 






We can check that x' is an invertible self-adjoint element such that ||/(a;)— x'\\ < 
e/2. Hence — x'\\ < \\x — f(x)\\ + \\f(x) — x'\\ < e. Therefore A has real rank 
0. □ 

Hence we have the following corollary: 

Corollary 5.6. Let A be an unital C*-algebra. Let a: G — > Aut(A) be a finite 
group action with the weak tracial Rokhlin property, such that the crossed 
product C*(G,A, a) is simple. Suppose A has real rank 0, then C*(G,A,a) 
also has real rank 0. 

Proof. A has real rank implies that A has Property (SP). We need only to 
consider the case that A is infinite dimensional, because any finite dimensional 
C*-algebra has real rank 0. Therefore the above statement follows from Theorem 
15.31 and Lemma [5751 □ 
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